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ON SEMISTABLE PRINCIPAL BUNDLES
OVER A COMPLEX PROJECTIVE MANIFOLD
INDRANIL BISWAS AND UGO BRUZZO
Abstract. Let G be a simple linear algebraic group defined over the field of complex
numbers. Fix a proper parabolic subgroup P of G, and also fix a nontrivial antidominant
character χ of P . We prove that a holomorphic principal G–bundle EG over a connected
complex projective manifold M is semistable satisfying the condition that the second
Chern class c2(ad(EG)) ∈ H
4(M, Q) vanishes if and only if the line bundle over EG/P
defined by χ is numerically effective. Also, a principal G–bundle EG overM is semistable
with c2(ad(EG)) = 0 if and only if for every pair of the form (Y , ψ), where ψ is a
holomorphic map to M from a compact connected Riemann surface Y , and for every
holomorphic reduction of structure group EP ⊂ ψ
∗EG to the subgroup P , the line
bundle over Y associated to the principal P–bundle EP for χ is of nonnegative degree.
Therefore, EG is semistable with c2(ad(EG)) = 0 if and only if for each pair (Y , ψ) of
the above type the G–bundle ψ∗EG over Y is semistable.
Similar results remain valid for principal bundles over M with a reductive linear al-
gebraic group as the structure group. These generalize an earlier work of Y. Miyaoka,
[Mi], where he gave a characterization of semistable vector bundles over a smooth pro-
jective curve. Using these characterizations one can also produce similar criteria for the
semistability of parabolic principal bundles over a compact Riemann surface.
1. Introduction
LetG be a simple linear algebraic group defined over C. Fix a proper parabolic subgroup
P of G. Fix a nontrivial antidominant character χ of P . This means that the associated
line bundle (G× Cχ)/P over G/P is numerically effective and nontrivial.
Let M be a connected smooth complex projective variety. Let EG be a holomorphic
principal G–bundle over M . The natural projection EG −→ EG/P defines a principal
P–bundle over EG/P , and hence the character χ of P associates a holomorphic line bundle
Lχ = (EG × C)/P
over EG/P , where the action of p ∈ P sends any (z , c) ∈ EG × C to (zp , χ(p)
−1c).
We prove the following criterion for Lχ to be numerically effective (see Theorem 3.2):
Theorem 1.1. The line bundle Lχ over EG/P is numerically effective if and only if EG
is semistable and c2(ad(EG)) = 0.
It should be clarified that this criterion for semistability of any G–bundle EG with
c2(ad(EG)) = 0 needs to be verified for just one pair (P , χ). Since the condition
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c2(ad(EG)) = 0 is automatically satisfied when M is a Riemann surface, Theorem 3.2
gives a characterization of semistable G–bundles over a compact connected Riemann sur-
face.
In the special case where dimM = 1, G = GL(n,C), and P is the parabolic subgroup
of GL(n,C) that fixes a line in Cn (so G/P = CPn−1), Theorem 3.2 is due to Y. Miyaoka
(see [Mi, page 456, Theorem 3.1]); in this case Pic(G/P ) = Z and hence χ is unique up
to taking tensor powers. In [BH], Miyaoka’s result was generalized to the context of Higgs
vector bundles over curves.
As a consequence of Theorem 3.2, the line bundle Lχ over EG/P is numerically effective
if and only if for every parabolic subgroup P ′ ⊂ G, and every nontrivial antidominant
character χ′ of P ′, the associated line bundle Lχ′ := (EG×Cχ′)/P
′ over EG/P
′ is numer-
ically effective. The above condition that c2(ad(EG)) ∈ H
4(M, Q) vanishes is equivalent
to the condition that the real characteristic class of EG corresponding to the Killing form
on the Lie algebra of G vanishes (Remark 3.3).
In Section 2 we prove Theorem 3.2 under the assumption that dimM = 1 (see Propo-
sition 2.2). The proof of Theorem 3.2 given in Section 3 crucially uses this special case.
Theorem 3.2 can be reformulated as follows:
A G–bundle EG over M is semistable with c2(ad(EG)) = 0 if and only if for every pair
of the form (Y , ψ), where Y is a compact connected Riemann surface and
ψ : Y −→ M
a holomorphic map, and for every reduction EP ⊂ ψ
∗EG of structure group, to the fixed
parabolic subgroup P , of the principal G–bundle ψ∗EG over Y , the associated line bundle
EP (χ) = (EP × C)/P over Y is of nonnegative degree, where χ is the fixed character of
P (Proposition 4.1).
It is known that a G–bundle EG over M is semistable if and only if the restriction of
EG to the general complete intersection curve of sufficiently large degree hypersurfaces is
semistable. Therefore, we may ask the following question: under what condition the re-
striction of EG to every smooth curve inM is semistable? As a consequence of Proposition
4.1 and Theorem 3.2 this question has the following answer:
A G–bundle EG is semistable and c2(ad(EG)) = 0 if and only if for each pair (Y , ψ)
of the above type the G–bundle ψ∗EG over Y is semistable.
In Section 4 we give the following analog of Theorem 3.2 and Proposition 4.1 for prin-
cipal bundles with a reductive group as the structure group (see Theorem 4.3):
Theorem 1.2. Let G be a connected reductive linear algebraic group over C. Fix a
parabolic subgroup P ⊂ G without any simple factor, and also fix a character χ of P such
that
(i) χ is trivial on the center Z(G) ⊂ G, and
(ii) the restriction of χ to the parabolic subgroup of each simple factor of G/Z(G)
defined by P is nontrivial and antidominant.
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Let EG be a principal G–bundle over a connected projective manifold M . Then the fol-
lowing four statements are equivalent:
(1) The G–bundle EG is semistable and the second Chern class
c2(ad(EG)) ∈ H
4(M, Q)
vanishes.
(2) The associated line bundle Lχ := (EG×Cχ)/P over EG/P for the character χ is
numerically effective.
(3) For every pair of the form (Y , ψ), where Y is a compact connected Riemann
surface and
ψ : Y −→ M
a holomorphic map, and every reduction EP ⊂ ψ
∗EG of structure group to P of
the principal G–bundle ψ∗EG over Y , the associated line bundle EP (χ) = (EP ×
Cχ)/P over Y is of nonnegative degree.
(4) For any pair (Y , ψ) as in (3), the G–bundle ψ∗EG over Y is semistable.
Let G be a connected reductive linear algebraic group over C. A parabolic G-bundle
E∗ over a connected smooth complex projective curve X with parabolic structure over a
reduced divisor D ⊂ X is, loosely speaking, a smooth quasiprojective variety E ′G carrying
an action of G together with a dominant morphism ψ : E ′G −→ X such that E
′
G is a
principal G-bundle over X \ D, and the isotropy groups corresponding to the action of
G on the fibers of ψ over the points of D are finite (for a precise definition see Section
5). Let P be a proper parabolic subgroup of G and χ : P −→ Gm = C
∗ a nontrivial
antidominant character. Denote by N the least common multiple of the orders of the
isotropy groups for the action of G on E ′G. Then the character χ
N defines a line bundle
over E ′G/P . We show that the parabolic bundle is semistable if and only if this line bundle
over E ′G/P is numerically effective (Proposition 5.1).
2. Criterion for semistability over a curve
Let G be a simple linear algebraic group defined over the field of complex numbers.
A parabolic subgroup of G is a connected Zariski closed proper subgroup P ( G such
that G/P is a complete variety. The quotient map G −→ G/P defines a holomorphic
principal P–bundle over G/P . We recall that a character χ of P is called antidominant if
the line bundle (G×Cχ)/P over G/P , associated to this P–bundle for the character χ, is
numerically effective; here the action of any p ∈ P sends (g , λ) ∈ G×C to (gp , χ(p)−1λ).
Note that the character group of P is identified with a finite index subgroup of Pic(G/P ).
Let X be a connected smooth projective curve defined over C. We recall from [Ra, page
129, Definition 1.1] that a holomorphic G–bundle EG over the curve X is called semistable
if for every reduction of structure group of EG
σ : X −→ EG/P
to a maximal parabolic subgroup P of G one has
degree(σ∗Trel) ≥ 0 ,
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where Trel is the relative tangent bundle over EG/P for the natural projection EG/P −→
X . Alternatively, one can say that EG is semistable if for every triple (P ,EP , χ), where
P ⊂ G is a parabolic subgroup, EP ⊂ EG a reduction of structure group of EG to P
and χ an antidominant character of P , the associated line bundle EP (χ) = (EP ×C)/P
over X is of nonnegative degree [Ra, page 131, Lemma 2.1].
The following lemma will be needed in the proof of Proposition 2.2.
Lemma 2.1. A principal G–bundle EG over X is semistable if and only if there is a
nontrivial finite dimensional complex G–module V such that the vector bundle EG(V ) :=
(EG × V )/G over X associated to EG for V is semistable.
Proof. If EG is semistable, from [RR, page 285, Theorem 3.18] it follows immediately that
the associated vector bundle EG(V ) := (EG × V )/V is semistable.
Now assume that EG(V ) is semistable, where V is a nontrivial finite dimensional com-
plex G–module.
Take a maximal parabolic subgroup Q ⊂ G. There is a parabolic subgroup P1 ⊂
SL(V ) such that Q = P1
⋂
G (so G/Q is embedded in SL(V )/P1), and some positive
multiple of any given ample line bundle over G/Q is the restriction of some ample line
bundle on SL(V )/P1. To prove this assertion, consider the Jordan–Ho¨lder filtration of V
for the action of the unipotent radical of Q on V (the unipotent radical acts trivially on
each successive quotient of the Jordan–Ho¨lder filtration); since the unipotent radical is a
normal subgroup of Q, the action of Q on V preserves this filtration. The above parabolic
subgroup P1 can be taken to be the subgroup of SL(V ) that preserves this filtration of
V . Note that since Pic(G/Q) ∼= Z, the restriction to G/Q of any ample line bundle over
SL(V )/P1 is a positive multiple of the (unique) ample generator of Pic(G/Q).
Therefore, if σ : X −→ EG/Q is a reduction of structure group of EG to Q, then
degree(σ∗TG/Q) is a positive multiple of degree(σ
∗
1TSL(V )/P1), where
σ1 : X −→ EG(SL(V ))/P1
is the reduction of structure group to P1 ⊂ SL(V ), defined by σ, of the principal SL(V )–
bundle obtained by extending the structure group of EG (by the injective homomorphism
V −→ SL(V )), and TG/Q (respectively, TSL(V )/P1) is the relative tangent bundle over
EG/Q (respectively, EG(SL(V ))/P1) for the natural projection to X . Consequently, the
G–bundle EG is semistable if the vector bundle EG(V ) is so. This completes the proof of
the lemma. 
For a principal G–bundle EG over X the quotient EG/P is a fiber bundle over X with
fiber G/P , and furthermore, the projection EG −→ EG/P defines a principal P–bundle
over EG/P . For any character χ of P , let
(2.1) Lχ := (EG × Cχ)/P
be the line bundle over EG/P associated to this P–bundle for the character χ of P ; the
action of P on EG × Cχ is defined as before.
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Proposition 2.2. A principal G–bundle EG over X is semistable if and only if there is
a pair (P , χ), where P ⊂ G is a proper parabolic subgroup and
χ : P −→ Gm = C
∗
a nontrivial antidominant character, such that the associated line bundle Lχ over EG/P
(see Eq. (2.1)) is numerically effective.
Proof. First assume that EG is semistable.
Let
(2.2) f : EG/P −→ X
be the natural projection. Any fiber of f is isomorphic to G/P , and the restriction of Lχ,
defined in Eq. (2.1), to a fiber of f is isomorphic to the associated line bundle (G×C)/P
over G/P corresponding to χ. As χ is antidominant, we conclude that the restriction of
Lχ to a fiber of f is numerically effective.
Let Y0 ⊂ EG/P be an irreducible curve which is not contained in any fiber of f . Let
ι : Y −→ Y0 be the normalization. Therefore, Y is a smooth curve, and the map
(2.3) fY := f ◦ ι : Y −→ X
makes Y a (possibly ramified) covering of X . Note that there is a tautological section
σ : Y −→ (f ∗YEG)/P
∼= f ∗Y (EG/P )
that sends any y ∈ Y to the point of f ∗Y (EG/P ) defined by ι(y) ∈ EG/P . Let E
Y
P ⊂ f
∗
YEG
be the reduction of structure group to P , of the G–bundle f ∗YEG over Y , defined by σ.
Note that the P–bundle EYP is identified with the principal P–bundle ι
∗EG, namely
the pullback to Y of the principal P–bundle EG −→ EG/P . Therefore, the pullback
ι∗Lχ over Y is naturally identified with the line bundle E
Y
P (χ) associated to E
Y
P for the
character χ of P . Consequently, to prove that Lχ is numerically effective it is enough to
show that the G–bundle f ∗YEG is semistable, where fY is defined in Eq. (2.3).
Any finite index subgroup of a finitely presented group Γ contains a normal subgroup
of Γ of finite index. Therefore we have a (possibly ramified) covering Y ′ −→ Y such that
the composition
Y ′ −→ Y −→ X ,
which we will denote by f1, is a finite Galois covering. Let Γ0 = Gal(Y
′/X) denote the
Galois group for f1. It is easy to see that if f
∗
1EG is semistable, then f
∗
YEG is semistable
(the pull back to Y ′ of a destabilizing reduction of f ∗YEG destabilizes f
∗
1EG).
If f ∗1EG is not semistable, then it admits a Harder–Narasimhan reduction of structure
group E ′Q ⊂ f
∗
1EG to a proper parabolic subgroup Q ⊂ G [AAB, page 694, Theorem
1]. The uniqueness of the Harder–Narasimhan reduction implies that the natural action
of the Galois group Γ0 on the total space of f
∗
1EG (lifting the action of Γ0 on Y
′) leaves
the submanifold E ′Q invariant. Consequently, the reduction E
′
Q ⊂ f
∗
1EG descends to
a reduction of structure group of EG to Q. Since this reduction of structure group to
Q satisfies all the conditions of a Harder–Narasimhan reduction, the G–bundle EG is
not semistable. In other words, we have a contradiction, and hence f ∗1EG is semistable.
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Therefore, the G–bundle f ∗YEG over Y is semistable. As we saw earlier, this implies that
Lχ over EG/P is numerically effective.
To prove the converse, let P and χ be such that the line bundle Lχ over EG/P is
numerically effective and nontrivial. Let θχ := (G×Cχ)/P be the associated line bundle
over G/P , defined by χ, associated to the P–bundle given by the natural projection
G −→ G/P . Since χ is antidominant, the line bundle θχ is numerically effective, and θχ
is nontrivial as χ is so.
Let
(2.4) V := H0(G/P, θχ)
be the irreducible G–module (the irreducibility is a part of the Borel–Weil theorem; see
[PS, page 21, Theorem 2.9.1(ii)]). Note that since θχ is nontrivial, the G–module V is
also nontrivial. We also know that for any n ≥ 1, the irreducible G–module
(2.5) Vn := H
0(G/P, θ⊗nχ )
is a direct summand of the G–module V ⊗n. To see this note that there is a set–theoretic
map from V to Vn that sends any section
s ∈ H0(G/P, θχ)
to s⊗n ∈ H0(G/P, θ⊗nχ ). The linear span of the image of this map is a quotient of
the symmetric product Symn(H0(G/P, θχ)). Therefore, the G–module Vn is a direct
summand of Symn(V ). Since the G–module Symn(V ) is a direct summand of V ⊗n, we
conclude that Vn is a direct summand of V
⊗n.
Let EG(V ) := (EG × V )/G be the vector bundle over X associated to EG for the
G–module V . In view of Lemma 2.1, to prove that EG is semistable it suffices to show
that the vector bundle EG(V ) is semistable.
The vector bundle EG(V ) is clearly identified with the direct image f∗Lχ, and similarly
EG(Vn) is identified with f∗L
⊗n
χ , where V and Vn are defined in Eq. (2.4) and Eq. (2.5)
respectively, and f is the projection in Eq. (2.2). The group G being simple does not
have any nontrivial character. Hence the degree of every vector bundle associated to EG
is zero.
Assume that the vector bundle EG(V ) ∼= f∗Lχ is not semistable. Let F ⊂ f∗Lχ be
the (unique) maximal semistable subbundle EG(V ). So F is the first term of the Harder–
Narasimhan filtration of EG(V ). Since degree(EG(V )) = 0, we have degree(F ) > 0. For
any n ≥ 1, let
(2.6) Fn ⊂ f∗L
⊗n
χ
∼= EG(Vn)
be the coherent subsheaf generated by {v⊗n}v∈F . This subsheaf Fn is a quotient of the
symmetric product Symn(F ). Note that
degree(Symn(F ))
rank(Symn(F ))
=
n · degree(F )
rank(F )
,
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and since F is semistable, the symmetric product Symn(F ) is semistable [RR, page 285,
Theorem 3.18]. Consequently, for the quotient Fn of Sym
n(F ) we have
(2.7)
degree(Fn)
rank(Fn)
≥
n · degree(F )
rank(F )
.
Let p0/q0, with p0, q0 ∈ N, be a positive rational number such that
p0
q0
<
degree(F )
rank(F )
(recall that degree(F )
rank(F )
> 0). Fix a point x0 ∈ X . For any integer m ≥ 1, consider the
vector bundle
Wm := Fmq0 ⊗OX(−mp0x0)
over X where Fmq0 is defined in Eq. (2.6). Using Eq. (2.7) we have
degree(Wm)
rank(Wm)
≥ mq0(
degree(F )
rank(F )
−
p0
q0
) > 0 .
In view of this inequality, if m is such that mq0(
degree(F )
rank(F )
− p0
q0
) > genus(X)− 1, then the
Riemann–Roch theorem gives
dimH0(X, Wm) ≥ χ(Wm) ≥ rank(Wm)(mq0(
degree(F )
rank(F )
−
p0
q0
)− genus(X) + 1) > 0 .
Take an integer m such that mq0(
degree(F )
rank(F )
− p0
q0
) > genus(X) − 1, and take a nonzero
section
(2.8) 0 6= s0 ∈ H
0(X, Wm) ⊂ H
0(X, EG(Vmq0)⊗OX(−mp0x0)) .
Using the isomorphism f∗L
⊗n
χ
∼= EG(Vn) and the projection formula we have
H0(X, EG(Vmq0)⊗OX(−mp0x0)) = H
0(EG/P, L
⊗mq0
χ ⊗ f
∗OX(−mp0x0)) .
Let
(2.9) s′0 ∈ H
0(EG/P, L
⊗mq0
χ ⊗ f
∗OX(−mp0x0))
be the section defined by s0 (in Eq. (2.8)) using the above isomorphism. Set
Div(s′0) ⊂ EG/P
to the effective divisor defined by the above section s′0.
Let d0 be the largest integer such that the cup product c1(θχ)
d0 ∈ H2d0(G/P, Q) is
nonzero. Since θχ is numerically effective but nontrivial, there is a parabolic subgroup
P ′ ⊇ P of G such that θχ is the pull back of an ample line bundle over G/P
′ using the
natural projection of G/P to G/P ′. The above defined integer d0 is the dimension of
G/P ′.
Let χ′ be the character of P ′ that restricts to χ on P . Equivalently, the line bundle θχ′
over G/P ′ defined by χ′ satisfies the condition that θχ′ pulls back to θχ.
Let
φ : EG/P −→ EG/P
′
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be the natural projection and Lχ′ := (EG × Cχ′)/P
′ the line bundle over EG/P
′ defined
by χ′. So, we have φ∗Lχ′ ∼= Lχ.
Since Lχ is numerically effective and φ is surjective, we conclude that Lχ′ is numerically
effective [Fu, page 360, Proposition 2.3].
Since φ∗OEG/P
∼= OEG/P ′, we have
φ∗(L
⊗mq0
χ ⊗ f
∗OX(−mp0x0)) ∼= L
⊗mq0
χ′ ⊗ h
∗OX(−mp0x0) ,
where
(2.10) h : EG/P
′ −→ X
is the natural projection. Therefore,
H0(EG/P, L
⊗mq0
χ ⊗ f
∗OX(−mp0x0)) ∼= H
0(EG/P
′, L⊗mq0χ′ ⊗ h
∗OX(−mp0x0)) .
Consequently, the section s′0 of L
⊗mq0
χ ⊗ f
∗OX(−mp0x0) constructed in Eq. (2.9) corre-
sponds to a section
(2.11) ζ0 ∈ H
0(EG/P
′, L⊗mq0χ′ ⊗ h
∗OX(−mp0x0)) ,
and the divisor Div(s′0) on EG/P coincides with the divisor φ
−1(Div(ζ0)).
We will show that (c1(Lχ′))
d0+1 ∈ H2d0+2(EG/P
′, Z) ∼= Z vanishes.
The topological isomorphism classes of G–bundles over a compact connected Riemann
surface are parametrized by the fundamental group π1(G) [Ra, page 142, Proposition 5.1].
Since G is simple, we know that π1(G) is a finite group. Therefore, if β : X
′ −→ X
is a finite cover (possibly ramified) of degree #π1(G) with X
′ connected, then β∗EG is
topologically trivial; here #π1(G) is the cardinality of π1(G). Fix a covering
β : X ′ −→ X
such that β∗EG is topologically trivial.
Let β̂ : β∗EG/P
′ −→ EG/P
′ be the natural projection over β. So β̂∗Lχ′ is isomorphic
to the line bundle β∗EG(χ
′) := (β∗EG×Cχ′)/P
′ (the line bundle over β∗EG/P
′ associated
to the principal P ′–bundle defined by β∗EG −→ β
∗EG/P
′ for the character χ′). If we fix
a topological isomorphism
τ : β∗EG −→ X
′ ×G
of β∗EG with the trivial G–bundle over X
′, then the line bundle β∗EG(χ
′) over β∗EG/P
′
is identified with the pullback (pG/P ′ ◦ τ)
∗LP ′, where pG/P ′ is the composition of the
projection of X ′ ×G −→ G with the projection G −→ G/P , and LP ′ is the line bundle
over G/P ′ defined by χ′. Therefore, we have
(c1(β
∗EG(χ
′)))d0+1 = 0 .
Since (c1(β
∗EG(χ
′)))d0+1 ∈ Q coincides with #π1(G) · (c1(Lχ′))
d0+1 (the degree of β̂ coin-
cides with the degree of β, and the degree of β is #π1(G)), this implies that (c1(Lχ′))
d0+1 =
0.
Since the cohomology class
c1(L
⊗mq0
χ′ ))
d0+1 = (mq0)
d0+1(c1(Lχ′))
d0+1 ∈ H2d0+2(EG/P
′, Z)
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is zero, it can be shown that the integer
(c1(L
⊗mq0
χ′ ))
d0c1(L
⊗mq0
χ′ ⊗ h
∗OX(−mp0x0)) ∈ H
2d0+2(EG/P
′, Z) ∼= Z
coincides with
−mp0(c1(θχ′))
d0 ∈ H2d0(G/P ′, Z) ∼= Z ,
where d0, as before, is the dimension of G/P
′ and h is the projection in Eq. (2.10).
Indeed, we have c1(L
⊗mq0
χ′ ⊗h
∗OX(−mp0x0)) = c1(L
⊗mq0
χ′ )−mp0[h
−1(x0)], where [h
−1(x0)]
is cohomology class defined by h−1(x0) using Poincare´ duality. Hence
(c1(L
⊗mq0
χ′ ))
d0c1(L
⊗mq0
χ′ ⊗ h
∗OX(−mp0x0))
= c1(L
⊗mq0
χ′ ))
d0+1 −mp0(c1(θχ′))
d0 = −mp0(c1(θχ′))
d0 .
Since θχ′ is ample, we have (c1(θχ′))
d0 > 0. Therefore,
(c1(L
⊗mq0
χ′ ))
d0c1(L
⊗mq0
χ′ ⊗ h
∗OX(−mp0x0)) < 0 .
This means that the restriction of the line bundle L⊗mq0χ′ to the effective divisor Div(ζ0)
(constructed in Eq. (2.11)) on EG/P
′ is of negative degree (recall that Div(ζ0) defines
L⊗mq0χ′ ⊗ h
∗OX(−mp0x0)); by degree we mean the top exterior product of the first Chern
class. But this contradicts the fact that the line bundle L⊗mq0χ′ is numerically effective.
Therefore, EG is semistable, and the proof of the proposition is complete. 
3. Principal bundles over projective manifolds
Let M be a connected complex projective manifold of complex dimension d. Fix a very
ample line bundle ξ ∈ Pic(M) on M . For a coherent sheaf F on M , define the degree
degree(F ) := (c1(F ) ∪ c1(ξ)
d−1) ∩ [M ] ∈ Z .
If F is a holomorphic vector bundle defined over a Zariski open dense subset U ⊂ M
such that the complement M \ U is of (complex) codimension at least two, then define
degree(F ) := degree(ι∗F ) ,
where ι : U →֒ M is the inclusion map; note that ι∗F is a coherent sheaf on M .
Let G be a connected reductive linear algebraic group defined over C. Let Z(G) ⊂ G
be the center of G. A principal G–bundle EG over M is called semistable if for any
holomorphic reduction of structure group EP ⊂ EG|U to any parabolic subgroup P ⊂
G over some Zariski open subset U ⊂ M , with codimC(M \ U) ≥ 2, and for any
nontrivial antidominant character χ of P which is trivial of Z(G), the associated line
bundle EP (χ) := (EP × C)/P over U satisfies the condition
degree(EP (χ)) ≥ 0
(see [Ra], [AB]); in the above definition of EP (χ), the action of g ∈ P sends any (z , c) ∈
EP × C to (zg , χ(g
−1)c).
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Equivalently, EG is semistable if for every reduction σ : M −→ (EG/P )|U to a (proper)
maximal parabolic subgroup P of G, over any Zariski open subset U ⊂ M of the above
type, one has
degree(σ∗Trel) ≥ 0 ,
where Trel is the relative tangent bundle of the projection EG/P −→ M (see [Ra, page
131, Lemma 2.1]).
Note that in the special case where dimM = 1 and G is a simple group the above
definition of semistability coincides with the one given in Section 2.
Let g be the Lie algebra of G. For a holomorphic G–bundle EG over M , let
ad(EG) := (EG × g)/G
be the adjoint vector bundle over M ; the action of g ∈ G sends any (z , v) ∈ EG × g
to (zg , ad(g−1)(v)). It is known that EG is semistable if and only if the vector bundle
ad(EG) is semistable [AB, page 214, Proposition 2.10].
Let P ⊂ G a parabolic subgroup and χ a character of P . So we have an associated
line bundle
(3.1) Lχ := (EG × Cχ)/P
over EG/P ; the action of g ∈ P sends any (z , c) ∈ EG × C to (zg , χ(g
−1)c). Let
(3.2) φ : EG/P −→ M
be the natural projection. Any fiber of φ is isomorphic to G/P .
Remark 3.1. Let G be a simple linear algebraic group over C. If dimM = 1, then a G–
bundle EG overM is semistable if and only if the line bundle Lχ in Eq. (3.1) is numerically
effective for some parabolic subgroup P ( G and some nontrivial antidominant character
χ of P (Proposition 2.2). On the other hand, the main theorem of [MR] says that a vector
bundle V over M is semistable if and only if the restriction V |C is semistable, where
C ⊂ M is a general complete intersection curve of sufficiently large degree hypersurfaces
in M (corresponding to ξ); see [MR, page 221, Theorem 6.1]. In particular, ad(EG) is
semistable if and only if ad(EG)|C is semistable for any such C. Therefore, using the
criterion (in Proposition 2.2) for semistability of a G–bundle over a Riemann surface
it follow immediately that EG is semistable if and only if the line bundle Lχ|φ−1(C) is
numerically effective, where Lχ (respectively, φ) is defined in Eq. (3.1) (respectively, Eq.
(3.2)) and C ⊂ M is a general complete intersection curve of sufficiently large degree
hypersurfaces in M (corresponding to ξ).
Theorem 3.2. Let EG be a holomorphic principal G–bundle over a connected projective
manifold M , where G is a simple linear algebraic group defined over C. Fix a proper
parabolic subgroup P ⊂ G and a nontrivial antidominant character χ of P . The following
two statements are equivalent:
(1) The associated line bundle Lχ := (EG × Cχ)/P over EG/P defined by χ is nu-
merically effective.
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(2) The G–bundle EG is semistable and the second Chern class
c2(ad(EG)) ∈ H
4(M, Q)
vanishes.
Proof. First assume that the line bundle Lχ is numerically effective. Let C ⊂ M be
a connected smooth complex projective curve. Since Lχ is numerically effective, the
restriction of Lχ to φ
−1(C) is numerically effective, where φ is the projection in Eq. (3.2).
So using Proposition 2.2 it follows that the restriction EG|C of EG to C is semistable.
Since the restriction of EG to every connected smooth complex projective curve in the
variety M is semistable, we conclude that the restriction of ad(EG) to every connected
smooth curve in M is semistable; recall from Remark 3.1 that a G–bundle is semistable
if and only if its adjoint bundle is semistable (see [AB, page 214, Proposition 2.10] for
proof). From this it follows that the vector bundle ad(EG) is semistable. Indeed, if
F ⊂ ad(EG) is a subsheaf contradicting the semistability condition, then the restriction
to F to a smooth curve C ⊂ M satisfying the two conditions
(1) C is contained in the Zariski open dense subset over which F is a subbundle of
ad(EG) (the complement of this open set is of codimension at least two),
(2) C is a complete intersection of hypersurfaces in M for the given very ample line
bundle ξ.
contradicts the semistability condition of ad(EG)|C .
As ad(EG) is semistable, we conclude that EG is semistable. We still need to show that
c2(ad(EG)) = 0 to be able to conclude that statement (1) implies statement (2).
For a vector bundle E overM , let P(E) denote the projective bundle over M defined by
the one–dimensional quotients of the fibers of E. The tautological line bundle over P(E)
will be denoted by OP(E)(1). A vector bundle E over M is called numerically effective if
the line bundle OP(E)(1) over P(E) is numerically effective.
We will use properties of numerically effective vector bundles proved in [DPS]. In [DPS],
a holomorphic vector bundle E over a compact complex Hermitian manifold X is called
numerically effective if OP(E)(1) over P(E) admits Hermitian connections with arbitrary
small negative part of curvature (see [DPS, page 297, Definition 1.2]). For projective
manifolds, the above two definitions of numerically effectiveness coincide. Indeed, if E is
numerically effective in the sense of [DPS, Definition 1.2], then it is clearly numerically
effective when defined using curves in P(E); see the comment in [DPS, page 297] following
Definition 1.2. For the converse direction, take any connected complex projective manifold
X , and fix an ample line bundle L on X . Also, fix a Hermitian connection on L with
positive curvature. Let ΩL be the curvature of this Hermitian connection on L, which is
positive by assumption. If η is a numerically effective line bundle on X , then η⊗n ⊗ L is
ample for each n ≥ 1 (numerically effectiveness is defined using curves). Take a Hermitian
connection on η⊗n ⊗ L with positive curvature. This connection on η⊗n ⊗ L and the
given connection on L together define a Hermitian connection on η. Indeed, as η⊗n =
(η⊗n⊗L)⊗L∗, there is an induced connection on η⊗n, which in turn induces a connection
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on η. The curvature of this connection on η is bounded below by −ΩL/n (recall that
the curvature of the connection on η⊗n ⊗ L is positive). Therefore, the line bundle L is
numerically effective in the sense of [DPS].
Let
(3.3) f : C −→ M
be a holomorphic map from a connected smooth complex projective curve. We will show
that the vector bundle f ∗ad(EG) over C is numerically effective. For this we will first
prove that the G–bundle f ∗EG is semistable.
There is a natural map
fG : (f
∗EG)/P −→ EG/P
defined using the natural identification (f ∗EG)/P = f
∗(EG/P ). The line bundle f
∗
GLχ
over (f ∗EG)/P is identified with the line bundle L
′
χ associated, for the character χ of P , to
the principal P–bundle over (f ∗EG)/P defined by the projection f
∗EG −→ (f
∗EG)/P .
Since Lχ is numerically effective, we conclude that f
∗
GLχ = L
′
χ over (f
∗EG)/P is also
numerically effective [Fu, page 360, Proposition 2.2]. Consequently, the G–bundle f ∗EG
is semistable (Proposition 2.2).
To show that f ∗ad(EG) over C is numerically effective, first note that the vector bundle
f ∗ad(EG) is semistable as the G–bundle f
∗EG is semistable. Now, since (f
∗ad(EG))
∗ ∼=
f ∗ad(EG) (any G–invariant nondegenerate symmetric bilinear form on g gives a nondegen-
erate symmetric bilinear form on ad(EG)), we conclude that the line bundle
∧top f ∗ad(EG)
is trivial. This implies that the line bundle
(3.4) OP(f∗ad(EG))(dimCG) := OP(f∗ad(EG))(1)
⊗(dimCG)
over the total space of the projective bundle P(f ∗ad(EG)) −→ C is identified with the top
exterior product of the relative tangent bundle for the natural projection of P(f ∗ad(EG))
to C. Using this and the fact that f ∗ad(EG) is semistable it can be deduced from Propo-
sition 2.2 that the line bundle in Eq. (3.4) is numerically effective. To deduce this
assertion from Proposition 2.2, consider the principal PGL(g)–bundle EPGL(g) over C de-
fined by the projective bundle P(f ∗ad(EG)); take the maximal parabolic subgroup Q
′
of PGL(g) that fixes a hyperplane in g, and note that the anticanonical line bundle
over PGL(g)/Q′ corresponds to an antidominant character of Q′. As the vector bundle
f ∗ad(EG) is semistable, Proposition 2.2 says that the relative anticanonical bundle for
the projection P(f ∗ad(EG)) −→ C is numerically effective. Thus the line bundle in Eq.
(3.4) is numerically effective.
The line bundle in Eq. (3.4) being numerically effective we conclude that the line bundle
OP(f∗ad(EG))(1) is numerically effective. In other words, the vector bundle f
∗ad(EG) is
numerically effective.
Let
(3.5) f0 : C −→ P(ad(EG))
be a holomorphic map from a connected smooth complex projective curve. Let
p : P(ad(EG)) −→ M
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be the natural projection. Set f in Eq. (3.3) to be p ◦ f0. Note that there is a natural
map from the projective bundle over C
f1 : P(f
∗ad(EG)) = f
∗P(ad(EG)) −→ P(ad(EG))
which projects to f . Also, there is a canonical section
σ1 : C −→ P(f
∗ad(EG))
(of the projection P(f ∗ad(EG)) −→ C); the pair (f1 , σ1) satisfy the following two condi-
tions
(1) f1 ◦ σ1 = f0, where f0 is defined in Eq. (3.5), and
(2) f ∗1OP(ad(EG))(1) = OP(f∗ad(EG))(1).
We have proved above that f ∗ad(EG) is numerically effective. Using this together with
the above two properties of f1 and σ1 we conclude that
degree(f ∗0OP(ad(EG))(1)) = degree((f1◦σ1)
∗OP(ad(EG))(1)) = σ
∗
1degree(OP(f∗ad(EG))(1)) ≥ 0 .
Consequently, the vector bundle ad(EG) over M is numerically effective.
A vector bundle E is called numerically flat if both E and E∗ are numerically effective
[DPS, page 311, Definition 1.17]. Since ad(EG)
∗ ∼= ad(EG) and ad(EG) is numerically
effective, we conclude that ad(EG) is numerically flat. All the Chern classes of positive
degree of a numerically flat vector bundle vanish [DPS, page 311, Corollary 1.19]; in
particular, we have c2(ad(EG)) = 0.
Therefore, statement (1) in the theorem implies statement (2). To prove the converse,
assume that EG is semistable and c2(ad(EG)) = 0.
The semistability of EG implies that the vector bundle ad(EG) is semistable [AB, Propo-
sition 2.10]. Since ad(EG)
∗ ∼= ad(EG), we have c1(ad(EG)) = 0, and it is given that
c2(ad(EG)) = 0. Since ad(EG) is semistable with c1(ad(EG)) = 0 = c2(ad(EG)), it
admits a filtration of holomorphic subbundles
(3.6) 0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fk−1 ⊂ Fk = ad(EG)
such that each Fi/Fi−1, i ∈ [1 , k], is a stable vector bundle and cj(Fi/Fi−1) = 0 for all
j ≥ 1 and 1 ≤ i ≤ k [Si, page 39, Theorem 2]. To deduce this from [Si, page 39, Theorem
2] simply set the Higgs field in [Si, Theorem 2] to be zero.
Since Fi/Fi−1 is stable and cj(Fi/Fi−1) = 0 for all j ≥ 1, a theorem due to Donaldson
says that each Fi/Fi−1 in Eq. (3.6) admits a unitary flat connection [Do, page 231,
Proposition 1].
Let
(3.7) f : C −→ EG/P
be a morphism from a connected smooth complex projective curve. We will show that
the G–bundle (φ ◦ f)∗EG over C is semistable, where the map φ is defined in Eq. (3.2).
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To prove that (φ◦f)∗EG is semistable, first note that the adjoint bundle ad((φ◦f)
∗EG)
has a filtration
0 = F ′0 ⊂ F
′
1 ⊂ F
′
2 ⊂ · · · ⊂ F
′
k−1 ⊂ F
′
k = (φ ◦ f)
∗ad(EG) ,
where F ′i := (φ ◦ f)
∗Fi with Fi is as in Eq. (3.6). It was noted earlier that each Fi/Fi−1
admits a unitary flat connection. A unitary flat connection on Fi/Fi−1 pulls back to induce
a unitary flat connection on the pullback (φ◦f)∗(F ′i/F
′
i−1) = F
′
i/F
′
i−1. Therefore, F
′
i/F
′
i−1,
i ∈ [1 , k], is a polystable vector bundle of degree zero [NS, page 560, Theorem 2(A)].
Since (φ ◦ f)∗ad(EG) is filtered by subbundles with each successive quotient polystable of
degree zero, it follows immediately that the vector bundle (φ ◦ f)∗ad(EG) is semistable.
Therefore, the G–bundle (φ ◦ f)∗EG over C is semistable.
To show that the associated line bundle Lχ over EG/P defined by χ is numerically
effective, take any map f as in Eq. (3.7). Note that (φ ◦ f)∗EG (the map φ is defined in
Eq. (3.2)) has a natural reduction of structure group to P ⊂ G defined by the section
σ′ : C −→ (φ ◦ f)∗(EG/P ) ∼= ((φ ◦ f)
∗EG)/P
that sends any c ∈ C to f(c) ∈ (EG/P )φ◦f(c) = (φ◦f)
∗(EG/P )c. There is a natural map
f1 : (φ ◦ f)
∗(EG/P ) −→ EG/P
such that f1 ◦ σ
′ = f and the line bundle f ∗1Lχ over (φ ◦ f)
∗(EG/P ) is identified with
((φ ◦ f)∗EG)(χ), the line bundle over (φ ◦ f)
∗(EG/P ) associated, for the character χ
of P , to the principal P–bundle over ((φ ◦ f)∗EG)/P defined by the natural projection
(φ ◦ f)∗EG −→ ((φ ◦ f)
∗EG)/P .
Now, since (φ ◦ f)∗EG is semistable (this was proved earlier), from Proposition 2.2 we
conclude that the line bundle ((φ◦f)∗EG)(χ) over (φ◦f)
∗(EG/P ) is numerically effective.
Consequently, we have
degree(f ∗Lχ) = (σ
′)∗degree(((φ ◦ f)∗EG)(χ)) ≥ 0 .
Therefore, Lχ is numerically effective. This completes the proof of the theorem. 
Remark 3.3. Let κ ∈ Sym2g∗ be the Killing form on the Lie algebra g of G. For a
principal G–bundle EG over M , the form κ defines a characteristic class
Cκ(EG) ∈ H
4(M, R) .
This characteristic class can be defined as follows. For any C∞ connection ∇ on EG,
consider the smooth 4–form κ(Ω∇) onM , where Ω∇ is the curvature of∇. This differential
form is closed and the de Rham cohomology class defined by it does not depend on the
choice of the connection ∇ on EG. This cohomology class defined by the differential
form κ(Ω∇) coincides with Cκ(EG). The second Chern class c2(ad(EG)) ∈ H
4(M, Q)
is a positive multiple of Cκ(EG) (the multiplication factor is 2m(G), where m(G) is the
dual Coxeter number). Therefore, the condition that c2(ad(EG)) = 0 is equivalent to the
condition that Cκ(EG) = 0 (see statement (2) in Theorem 3.2).
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4. Generalization for reductive groups
The following proposition can be viewed as a reformulation of Theorem 3.2.
Proposition 4.1. Fix a pair (P , χ), where P ⊂ G is a proper parabolic subgroup of the
simple group G and
χ : P −→ Gm = C
∗
a nontrivial antidominant character. A principal G–bundle EG over a projective manifold
M is semistable with c2(ad(EG)) = 0 if and only if for every pair of the form (Y , ψ),
where Y is a compact connected Riemann surface and
ψ : Y −→ M
a holomorphic map, and every reduction EP ⊂ ψ
∗EG of structure group to P of the
principal G–bundle ψ∗EG over Y , the associated line bundle EP (χ) = (EP ×Cχ)/P over
Y is of nonnegative degree.
Proof. If EG is semistable with c2(ad(EG)) = 0, then using a result of Simpson we saw
in the proof of Theorem 3.2 that ad(EG) admits a filtration of subbundles as in Eq. (3.6)
such that each successive quotient admits a unitary flat connection. This filtration in-
duces a filtration of subbundles of the pullback ψ∗ad(EG) with the property that each
successive quotient admits a unitary flat connection (the map ψ is as in the statement of
the proposition). Consequently, ψ∗ad(EG), and hence ψ
∗EG, is semistable. The semista-
bility of ψ∗EG immediately implies that the line bundle EP (χ) in the statement of the
proposition is of nonnegative degree.
For the converse direction, assume that EP (χ) is of nonnegative degree for each reduc-
tion of structure group EP ⊂ ψ
∗EG and each map ψ of the above type.
Take any holomorphic map
ψ1 : Y −→ EG/P ,
where Y is compact connected Riemann surface. Set
ψ = φ ◦ ψ1 ,
where φ is the projection in Eq. (3.2). The G–bundle ψ∗EG over Y has a tautological
reduction of structure group to P
σ : Y −→ (ψ∗EG)/P
that sends any point y ∈ Y to ψ1(y) ∈ (EG/P )φ◦ψ1(y) = ((ψ
∗EG)/P )y.
Let
EYP ⊂ ψ
∗EG
be the principal P–bundle over Y defined by the section σ constructed above. The line
bundle ψ∗1Lχ over Y is identified with E
Y
P (χ), the line bundle associated to the principal
P–bundle EYP for the character χ. Therefore, the given condition that the degree of E
Y
P (χ)
is nonnegative implies that degree(ψ∗1Lχ) ≥ 0. Consequently, Lχ is numerically effective.
Finally, Theorem 3.2 says that EG is semistable with c2(ad(EG)) = 0. This completes
the proof of the proposition. 
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Let E be a holomorphic vector bundle of rank r ≥ 2 over M . Fix an integer k ∈
[1 , r − 1]. Proposition 4.1 says that E is semistable with c2(End(E)) = 0 if and only if
for every holomorphic map ψ : Y −→ M , where Y is any compact connected Riemann
surface, and for every subbundle F ⊂ ψ∗E, of rank k (the fixed integer), the degree of
F ∗ ⊗ (ψ∗E/F ) is nonnegative.
Let G be a complex linear algebraic group such that G = G1×G2×· · ·×Gℓ, where each
Gi is simple. A principal G–bundle EG overM is semistable if and only if each Gi–bundle,
i ∈ [1 , ℓ], obtained by extending the structure group of EG using the projection G −→
Gi, is semistable. Any proper parabolic subgroup of G is of the form Q1×Q2× · · · ×Qℓ,
where Qi is either a parabolic subgroup of Gi or Qi = Gi, with at least one Qj a parabolic
subgroup.
Theorem 3.2 and Proposition 4.1 together have the following corollary:
Corollary 4.2. Fix a parabolic subgroup P = Q1×Q2×· · ·×Qℓ ⊂ G = G1×G2×· · ·×Gℓ,
where Qi, i ∈ [1 , ℓ], is a proper parabolic subgroup of the simple linear algebraic group
Gi defined over C. Fix a character χ of P whose restriction to each Qi is antidominant
and nontrivial. Let EG be a principal G–bundle over a connected projective manifold M .
The following are equivalent:
(1) The G–bundle EG is semistable and the second Chern class
c2(ad(EG)) ∈ H
4(M, Q)
vanishes.
(2) The associated line bundle Lχ := (EG × C)/P over EG/P for the character χ is
numerically effective.
(3) For every pair of the form (Y , ψ), where Y is a compact connected Riemann
surface and
ψ : Y −→ M
a holomorphic map, and every reduction EP ⊂ ψ
∗EG of structure group to P of
the G–bundle ψ∗EG over Y , the associated line bundle EP (χ) = (EP ×C)/P over
Y is of nonnegative degree.
Proof. We have
ad(EG) =
ℓ⊕
i=1
ad(EGi) ,
where EGi is the principal Gi–bundle obtained by extending the structure group of EG
using the projection G −→ Gi. As c1(ad(EGi)) = 0 for each i ∈ [1 , ℓ], we have
(4.1) c2(ad(EG)) =
ℓ∑
i=1
c2(ad(EGi)) ∈ H
4(M, Q) .
Also, as we noted earlier, EG is semistable if and only if each EGi is semistable. There-
fore, Theorem 3.2 (respectively, Proposition 4.1) says that statement (2) (respectively,
statement (3)) implies statement (1). Following the proof of Proposition 4.1 we conclude
that (2) and (3) are equivalent.
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Assume that statement (1) is valid.
Since ad(EGi) is semistable, and c1(ad(EGi)) ∈ H
2(M, Q) vanishes, the Bogomolov
inequality says
(4.2) 0 ≤ (c2(ad(EGi)) ∪ c1(ξ)
d−2) ∩ [M ] ∈ Z ,
where ξ is the fixed very ample line bundle over M and d = dimCM [Bo]. From Eq.
(4.1) we have
(4.3) (c2(ad(EG)) ∪ c1(ξ)
d−2) ∩ [M ] =
ℓ∑
i=1
(c2(ad(EGi)) ∪ c1(ξ)
d−2) ∩ [M ] .
On the other hand, from the given condition that c2(ad(EG)) = 0 we know that the
left–hand side of Eq. (4.3) vanishes. Therefore, from Eq. (4.2) it follows immediately
that
(4.4) (c2(ad(EGi)) ∪ c1(ξ)
d−2) ∩ [M ] = 0
for each i ∈ [1 , ℓ].
As ad(EGi) is semistable with c1(ad(EGi)) = 0 and satisfies Eq. (4.4), we conclude
that the vector bundle ad(EGi) admits a filtration of subbundles such that each successive
quotient has the property that all the Chern classes of positive degree vanish [Si, page
39, Theorem 2]. This immediately implies that c2(ad(EGi)) = 0 for each i ∈ [1 , ℓ].
Consequently, using Theorem 3.2 and Proposition 4.1 we conclude that statement (1)
implies both statements (2) and (3) (recall that EG is semistable if and only if each EGi
is semistable). This completes the proof of the corollary. 
Let G be a connected reductive linear algebraic group defined over C. As before, the
center of G will be denoted by Z(G). Therefore, G/Z(G) is a product of simple groups.
A parabolic subgroup of G is the inverse image, for the projection of G to G/Z(G), of a
parabolic subgroup of G/Z(G). We recall that a parabolic subgroup P of G is said to be
without any simple factor if the projection of P/Z(G) to each simple factor of G/Z(G) is
a proper parabolic subgroup.
A G–bundle EG over M is semistable if and only if the G/Z(G)–bundle EG/Z(G) is
semistable [Ra, page 146, Proposition 7.1].
Therefore, using Corollary 4.2 we have:
Theorem 4.3. Let G be a connected reductive linear algebraic group over C. Fix a proper
parabolic subgroup P ⊂ G without any simple factor, and also fix a character χ of P such
that
(i) the character χ is trivial on the center Z(G) ⊂ G, and
(ii) the restriction of χ to the parabolic subgroup, defined by P , of each simple factor
of G/Z(G) is nontrivial and antidominant.
Let EG be a principal G–bundle over a connected projective manifold M . Then the fol-
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(1) The G–bundle EG is semistable and the second Chern class
c2(ad(EG)) ∈ H
4(M, Q)
vanishes.
(2) The associated line bundle Lχ := (EG×Cχ)/P over EG/P for the character χ is
numerically effective.
(3) For every pair of the form (Y , ψ), where Y is a compact connected Riemann
surface and
ψ : Y −→ M
a holomorphic map, and every reduction EP ⊂ ψ
∗EG of structure group to P of
the principal G–bundle ψ∗EG over Y , the associated line bundle EP (χ) = (EP ×
Cχ)/P over Y is of nonnegative degree.
(4) For any pair (Y , ψ) as in (3), the G–bundle ψ∗EG over Y is semistable.
Note that statement (3) in Theorem 4.3 implies statement (4). Statement (4) follows
from statement (3) by using the criterion for semistability of a G–bundle over a Riemann
surface given by the equivalence of statements (1) and (3).
Remark 4.4. Theorem 4.3 shows that for a principal G–bundle EG over M , where G is
connected reductive, with c2(ad(EG)) = 0, the condition that EG is semistable does not
depend on the choice of the polarization on M needed for defining degree.
5. Criterion for parabolic bundles
Let H be a connected linear algebraic group over C. Fix n distinct points
D := {x1, · · · , xn} ⊂ X
of a compact connected Riemann surface X . We will refer to the points {xi}
n
i=1 as para-
bolic points.
Let E ′H be a connected smooth quasiprojective variety over C and
f : E ′H ×H −→ E
′
H
an algebraic action of H on E ′H .
A parabolic H–bundle over X with parabolic structure over D is a pair (E ′H , f) as
above together with a dominant morphism
ψ : E ′H −→ X
satisfying the following conditions:
(1) ψ ◦ f = ψ ◦ p1, where p1 is the projection of E
′
H ×H to E
′
H , or equivalently, the
map ψ is equivariant for the action of H ;
(2) for each point x ∈ X , the action of H on the fiber ψ−1(x)red is transitive;
(3) the restriction of ψ to ψ−1(X \D) makes ψ−1(X \D) a principal H–bundle over
X \ D, that is, the map ψ is smooth over ψ−1(X \ D) and the map to the fiber
product
ψ−1(X \D)×H −→ ψ−1(X \D)×X\D ψ
−1(X \D)
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defined by (z , g) 7−→ (z , f(z, g)) is an isomorphism;
(4) for each point z ∈ ψ−1(D)red, the isotropy at z for the action of H is a finite
subgroup of H .
See [BBN] for the details. See [MS] for parabolic vector bundles.
For notational convenience, a parabolic H–bundle defined as above will be denoted by
E∗.
Given a parabolic GL(n,C)–bundle E∗ over X , using the standard action of GL(n,C)
on Cn the principal GL(n,C)–bundle over X \D defined by E∗ gives a vector bundle over
X \D. This vector bundle has a natural extension to X , which is constructed using E∗,
that carries the parabolic structure of the parabolic vector bundle corresponding to E∗.
Let Y be a compact connected Riemann surface and Γ ⊂ Aut(Y ) a finite subgroup
of the group of all holomorphic automorphisms of Y . Let EH be a principal H–bundle
over Y . A Γ–linearization of EH is a lift of the action of Γ on Y to the total space of
EH that commutes with the action of H . So a Γ–linearization of EH is a left action of Γ
on EH such that for any γ ∈ Γ, the automorphism of the variety EH defined by it is an
isomorphism of the H–bundle EH over the automorphism γ of Y .
Let E∗ be a parabolic H–bundle over X with D as the parabolic divisor. There is a
(ramified) finite Galois covering
(5.1) φ : Y −→ X
and a Γ–linearized H–bundle EH over Y , where Γ is the Galois group of the covering φ,
such that EH corresponds to E∗ (see [BBN]). The covering φ is ramified over D and for
any x ∈ D, the order of ramification is a multiple of the order of the isotropy subgroup
for any point in ψ−1(x)red. See [KMM, Ch. 1.1, pages 303–305] for the construction of
such a covering.
A reduction of structure group to a closed subgroup P ⊂ H of a parabolic H–bundle
E∗ is a holomorphic section
σ : X −→ E ′H/P
of the natural projection of E ′H/P to X , where E
′
H is the underlying variety for E∗. Note
that q−1(σ(X)), where q : E ′H −→ E
′
H/P is the natural projection, is a parabolic P–
bundle. Conversely, if E ′P ⊂ E
′
H is a parabolic P–bundle with the induced action of
P , then it defines a section σ as above. This section σ has the property that q−1(σ(X))
coincides with E ′P .
If EH is a Γ–linearized principal H–bundle over Y corresponding to the parabolic H–
bundle E∗ over X , then reductions of E∗ to P are in bijective correspondence with the
Γ–invariant reductions of EH to P (see [BBN]).
Let G be a connected reductive linear algebraic group over C. Let E∗ be a parabolic
G–bundle with E ′G as the underlying G–variety. The parabolic G bundle E∗ is called
semistable if for any reduction of structure group E ′P ⊂ E
′
G to any parabolic subgroup
P ⊂ G and for any antidominant character χ of P trivial on the center of G the parabolic
degree of the associated parabolic line bundle E ′P (χ) is nonnegative.
20 I. BISWAS AND U. BRUZZO
If EG is a Γ–linearized principal G–bundle over Y corresponding to the parabolic G–
bundle E∗ over X , then E∗ is semistable if and only if EG is so (see [BBN]).
For a parabolic G–bundle E∗ with E
′
G as the underlying variety, let N = N(E∗) be
the least common multiple of the order of the isotropy groups for the action of G on E ′G.
Let E ′P ⊂ E
′
G be a reduction of structure group to P . If χ is a character of P , then χ
N
is trivial on all the isotropy subgroups for the action of P on E ′P (as N is a multiple of
the order of each isotropy subgroup). Therefore, the associated line bundle E ′P (χ
N) has
trivial parabolic structure.
Let E∗ be a parabolic G–bundle, where G is a simple linear algebraic group, over X
with E ′G as the underlying variety. If χ is a character of a parabolic subgroup P ⊂ G,
then we noted that χN is trivial on all the isotropy subgroups for the action of P on E ′G,
where, as before, N = N(E∗). Therefore, the quotient
E ′G(χ
N ) := (E ′G × C)/P
is a line bundle over E ′G/P , with P acting on C through χ
N .
Theorem 4.3 gives the following criteria for semistability of E∗.
Proposition 5.1. Fix a pair (P , χ), where P ⊂ G is a proper parabolic subgroup of the
reductive group and χ : P −→ C∗ a nontrivial antidominant character. The parabolic
G–bundle E∗ is semistable if and only if the associated line bundle E
′
G(χ
N) over E ′G/P is
numerically effective, where N is the least common multiple of the order of the isotropy
subgroups for the action of G on E ′G.
The parabolic G–bundle E∗ is semistable if and only if for every (possibly ramified)
covering ψ : Y −→ X, and for every reduction of structure group E ′P ⊂ ψ
∗E ′G to P of
the pulled back parabolic G–bundle ψ∗E ′G = Y ×X E
′
G, the associated line bundle EP (χ
N)
over Y is of nonnegative degree.
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